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BERNOULLI EXPERIMENT

• Is the coin fair?

• Flip the coin many times and 
calculate the relative frequency 
of heads
• Close to 0.5

• Far from 0.5

• A maximum likelihood estimate 
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𝑋1, 𝑋2, … , 𝑋𝑛 ∼ Benoulli(𝑝)

STEP 1: ASSUME A DISTRIBUTION

𝑃 𝑋𝑖 = 𝑥 = 𝑝𝑥 1 − 𝑝 1−𝑥,  𝑥 = 0,1. 
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𝑃 𝑋𝑖 = 𝑥 = 𝑝𝑥 1 − 𝑝 1−𝑥,  𝑥 = 0,1. 

𝑓 𝑥1, 𝑥2, … , 𝑥𝑛 = ෑ

𝑖=1

𝑛

𝑃(𝑋𝑖 = 𝑥𝑖) = ෑ

𝑖=1

𝑛

𝑝𝑥𝑖 1 − 𝑝 1−𝑥𝑖  

= 𝑝σ𝑖=1
𝑛 𝑥𝑖 1 − 𝑝 𝑛−σ𝑖=1

𝑛 𝑥𝑖

𝐿 𝑝 =

𝐿 𝑝

STEP 2: FIND THE LIKELIHOOD FUNCTION

(expression for the joint distribution as a function of p)

ෑ

𝑖=1

𝑛

𝑝𝑥𝑖 = 𝑝𝑥1𝑝𝑥2 ⋯ 𝑝𝑥𝑛 = 𝑝σ𝑥𝑖
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𝐿(𝑝) = 𝑝σ𝑖=1
𝑛 𝑥𝑖 1 − 𝑝 𝑛−σ𝑖=1

𝑛 𝑥𝑖

ℓ 𝑝 = log 𝐿(𝑝) = log(𝑝σ𝑖=1
𝑛 𝑥𝑖 1 − 𝑝 𝑛−σ𝑖=1

𝑛 𝑥𝑖)

= log 𝑝 ෍

𝑖=1

𝑛

𝑥𝑖 + log 1 − 𝑝 (𝑛 − ෍

𝑖=1

𝑛

𝑥𝑖)

STEP 2: FIND THE LOG-LIKELIHOOD FUNCTION
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ℓ 𝑝 = ෍

𝑖=1

𝑛

𝑥𝑖 log 𝑝 + (𝑛 − ෍

𝑖=1

𝑛

𝑥𝑖 ) log(1 − 𝑝)

𝜕ℓ

𝜕𝑝
=

σ𝑥𝑖

𝑝
+

𝑛 − σ𝑥𝑖

1 − 𝑝
−1

σ𝑥𝑖

𝑝
=

𝑛 − σ𝑥𝑖

1 − 𝑝
⋅ 𝑝(1 − 𝑝)

1 − 𝑝 σ𝑥𝑖 = 𝑝(𝑛 − σ𝑥𝑖)

STEP 3: MAXIMIZE THE LOG-LIKELIHOOD FUNCTION

σ𝑥𝑖  − 𝑝σ𝑥𝑖 = 𝑛𝑝 − 𝑝σ𝑥𝑖

σ𝑥𝑖  = 𝑛𝑝

= 0
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STEP 3: MAXIMIZE THE LOG-LIKELIHOOD FUNCTION

σ𝑥𝑖  = 𝑛𝑝

𝑝 =
σ𝑥𝑖

𝑛
= ҧ𝑥Ƹ𝑝

The maximum likelihood estimator is just
the relative frequency of heads!
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